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0. Introduction 
The study of the cohomology for the Lie algebra X(M) of vector fields on a manifold M was 
initiated by I.M. Gelfand and D.B. Fuks in 1968. Now it is a large branch of the cohomology 
theory of infinite-dimensional Lie algebras with specific methods of investigation. The main 
results of the cohomology theory of X(M) with various coefficients and its applications were 
presented in the book [4]. Unfortunately, there are not so many applications of the above 
cohomologies in differential geometry although they are natural global invariants of M. The 
main application, namely, the characteristic lasses of foliations, is based on the Gelfand-Fuks. 
cohomology of the Lie algebra W, of formal vector fields on IR” . It seems that the main reason 
is that the complex of standard cochains of W,, with values in the trivial W,-module JR has a 
natural interpretation as a complex of Diff M-invariant forms on the manifold S(M) of frames 
of infinite order for M, and this interpretation can be easily generalized to foliations. On the 
other hand. the known geometric interpretations of the above cohomologies for X(M) can be 
used for the calculation of these cohomologies only. 
The important part of the theory of the cohomologies for X(M) with various coefficients is 
the calculation of the cohomology of the so-called diagonal subcomplex of the corresponding 
standard complex of continuous cochains for X(M). These cohomologies, called diagonal co- 
homologies, are of interest independently of the initial cohomologies, since they are also global 
invariants of a manifold. Note that [4] contains calculation of diagonal cohomologies (in partic- 
ular. the diagonal cohomology of X(M) with coefficients in the trivial X(M)-module R) only 
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partly because of the complexity of some proofs in the original papers [5,7, IO, 11,12,13,14]. 
Here we present rather simple proofs of main theorems on the diagonal cohomologies. Let 
Da be the structure group of S(M) as a principal bundle over M. Then, for the diagonal 
cohomologies with coefficients in spaces of various tensor fields, the proofs are based on 
interpretation of the corresponding diagonal subcomplexes as complexes of forms on S(M) 
with values in the corresponding tensor GL(n, IW)-modules and invariant under the action of 
Da. For the diagonal cohomology of X(M) with coefficients in the trivial X(M)-module Iw, the 
proof is based on the interpretation of the corresponding diagonal subcomplex as the complex 
of forms on S(M) x oO S(M) invariant under the action of the group Diff M induced by its 
action on the second factor S(M), and on recent results on the cohomology of the complex of 
G-invariant forms on G-manifolds (see [ 151). Note that in cases when the diagonal subcomplex 
is a differential graded algebra (DG-algebra) we indicate rather simple DG-algebras with the 
same minimal models in the sense of Sullivan [ 171. The above interpretations have natural 
generalizations to other Lie algebras of vector fields and foliations. Therefore, there is a hope 
to get some geometric applications of these constructions. 
In Section 1 we recall some results on the Weil algebra W(g) of a reductive Lie group G 
with a Lie algebra 0, the transgression for the cross product of two principal G-bundles, and 
the cohomology H( W, ; R) of the Lie algebra W, of formal vector fields. 
In Section 2 the main theorems on the diagonal cohomology of X(M) with coefficients in a 
tensor X(M)-module and the trivial X(M)-module Iw are proved. 
Throughout the paper, manifolds, vector fields, forms, smooth maps, etc. are of class P. 
1. Preliminaries 
In this section main notions and facts we need further are introduced. 
1.1. Some properties of DG- and G-DG-algebras 
In what follows, a graded topological differential commutative R-algebra A = en20 A” is 
called a DG-algebra. Recall that the multiplication and the differential d in A satisfies the rules 
ba = (-1) deg a.deg bab d(ab) = (da)b + (-l)d”gaa(db), 
where a and b are homogeneous elements of A. 
Let G be a Lie group with a Lie algebra g and A a DG-algebra A with a smooth left action 
of G by automorphisms of A. Clearly this action induces a representation 0, : A + A (x E 0) 
ofginA. 
Definition. A DG-algebra A with a smooth left action of G by automorphisms of A is called 
a G-DG-algebra if, for each x E 8, there is given an antiderivation i, of degree -1 of A 
satisfying the Cartan conditions 
i[x,y] = 0, iy - i I 8 J x3 8_, = i,d fdi,, (1.1.1) 
(see LW. 
We introduce the following notation: 
IA = AC is the DC-subalgebra of A formed by G-invariunt elements of A. (Obviously, if G 
is connected, IA = f-&, ker OX); 
sBA = nlcg ker i,, is a graded subalgebra of A formed by semihusic elements of A: 
B.4 = IA n SBA is the DC-subalgebra of A formed by basic elements of A. 
If H is a closed subgroup of G with a Lie algebra IJ, one can consider any G-DC-algebra A 
as a H-DC-algebra relative to the restriction of the action of G to H. the derivations H, . and 
the antiderivations i, to elements x E h. 
Examples. 1. Let M be a G-manifold. The action of G on 52 (M) defines on the graded algebra 
Q(M) a structure of G-DC-algebra. 
2. The Weil algebra. Let g’ be the dual space of g. A@‘) the exterior, and S(g’) the symmetric 
algebra of g’. If x E g’ c A(g’), then the corresponding element of g’ c S(g’) is denoted by 
X. We consider A(g’) and S(g’) as graded algebras supposing that, for each nonzero x E g’. 
deg .x = 1 and deg X- = 2. Consider the graded algebra W(g) = A(g’) @ S(g’). Let pi 
(i = l...., Y = dim g) be a basis of g, cik (i, j. k = 1. , Y) the corresponding structure 
constants, and pi the dual basis. Define the differential d : W(g) -+ W(g) by its values on the 
generators & E A(g’) and 2 E S(g’) as follows: 
The adjoint representation of G induces the action of g on W (8) and the corresponding operator:; 
6, (X E g). Define the antiderivation i, of W(g) putting it equal to the inner product of 
a vector x E g and a form on A&J’) and equal to zero on S(g’). It is easily checked that 
W(g) = (W(g). d. Cl,. i.,} is a G-DC-algebra called the Weil algebra 121. 
Denote the operators d 63 1, Q,r @I 1, i, ~3 1, and 1 @ ad x : A 8 g + A @ g. just by d. H, 
i!. and ad X. 
Definition. Let G be a connected Lie group and A a G-DC-algebra. A connection u on A i< 
an element of A’ @I g satisfying the following conditions: 
(I) i,o =x (X E g); 
(2) f&w = -ad xo (X E g). 
Let(r) be a connection on a G-DC-algebra A. From the definition of connection and conditions 
I 1.1. I ) it easily follows that 
dw = -&a w] + R, 
(1.1.2) 
df2 = [L?. w]. 
where Q E SBA @ g. 12 is called the curvature of the connection w. 
Examples. 1. Let P be a smooth principal G-bundle and Q(P) the corresponding G-DC;- 
algebra. For a connected Lie group G, a connection w on G-DC-algebra 6?(P) is a connection 
form on P and the curvature Q of w is a curvature form. 
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2. Consider the Weil algebra W(g). It is easily proved that the form w = CL=, e’ei, i.e., 
identity form on g with values in 8, is a connection on W(g), called the canonical connection 
of W(g), and Q = xi’=, e’ei is the curvature of this connection. 
Definition. Let Ai (i = 1, 2) be two GD-algebras. A morphism from Al to A2 is a homomor- 
phism f : A, + A2 of graded algebras which commutes with d. If Ai is a G-DG-algebra a 
morphism f : A1 --+ A2 of DG-algebras commuting with the operators 0, and i, is called a 
morphism of G- DG-algebras. 
It is evident that a morphism f : Al + A2 of G-DG-algebras induces the morphisms 
ZAl -+ ZA2, SBA, -+ SBA2, and BA, + BA2 of the corresponding subalgebras of G- 
invariant elements, semibasic elements, and basic elements. 
Definition. A morphism f : Al + AZ of DG-algebras is called a quasi-isomorphism if it 
induces a cohomology isomorphism. 
By Sullivan [ 171, quasi-isomorphic DG-algebras have isomorphic minimal models. 
Example. Let A be a G-DG-algebra with a connection WA = CL_, wi @ ei. Then there is a 
unique morphism h of DG-algebras W(g) + A assigning to every ei E W(g) the l-form oi. 
In particular, let P be a smooth principal G-bundle with a base B and with a connection 
form o. Then the following properties of h : W(g) -+ Q(P) are well known (see [2]): 
(1) Let F be a fiber of P and i : F -+ P the inclusion. Then, i* o h is an isomorphism 
between IA@‘) and the space of G-invariant forms on F; 
(2) The image of IS@‘) under h is contained in 52(B) and the corresponding mor- 
phism IS@‘) -+ Q(B) induces the characteristic Chern-Weil cohomology homomorphism 
H(ZS(g’)) + H(B; IR) for P. 
Definition. A homogeneous element a E Ps is called a transgressive lement of P if there 
exists a form t(a) on P, called the transgression cochain of a in P, such that the form i*(t (a)) 
on F is equal to i* o h(a) and dh (c’) is a form on the base B. 
Now let G be a reductive Lie group with a Lie algebra 8, It is known [2] that the cohomology 
H(g; R) = _4(~‘)~ is the exterior algebra of the vector space Pe of primitive elements of the 
algebra H(0; IR) and Pe possesses a basis consisting of the elements of odd degrees. Each 
homogeneous element a E Pe is universally transgressive, i.e., there exists an element c’ E 
Z W(g), called a transgression cochain ofa in W(g), such that the component of c’ in A(O’)G 
coincides with a and dc’ = b E S(g’)G = BW(g). 
Thus, for a reductive group Lie G and a principal G-bundle P, each homogeneous element 
a E Pe is a transgressive lement of P. Actually, for a transgression cochain of a in P one can 
take the image under h of the transgression cochain of a in W(0). 
Let Ai (i = 1,2) be two G-DG-algebras. Further we consider the tensor product of graded 
algebras A1 153 A2 as a G-DG-algebra under the diagonal action of G and the operators 0, 
and i, that coincide with the corresponding operators on the factors A1 and A2 of AI @ AZ. 
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It is clear that, if fi : Ai -+ Ai (i = 1,2) are two morphisms of G-DG-algebras, then 
fr @ _/z : Al 63 A2 -+ A’, @ A; is a morphism of the corresponding G-DG-algebras. 
Denote by C(g) the DG-algebra 
BW(kl) c3 W(0)) = Mg’) @ s(e;) 63 s(g;P. 
where 8, and 82 are two copies of g 
Theorem 1.1.1. ([ 151) Let G he a reductive Lie group with a Lie algebra 0 and a a homogeneous 
element qf Pe. Then, there exists c E C(g) such that its component in A(g’)” coincides with a 
alld dc = bl + b2, where b; E So (i = 1, 2). 
By analogy with the Weil complex we call the cochain c from Theorem 1.1.1 the transgression 
cochain of the element a E Pe in the DG-algebra C(g). 
Let G be a reductive Lie group with a Lie algebra g and let Ai (i = 1,2) be two G-DG- 
algebras with connections wi. Consider the morphisms of G-DG-algebras hi : W(g) -+ A; 
induced by the canonical connection on W (0) and the connections oi as it was indicated above. 
The morphisms hi induce the morphism of DG-algebras h : C(g) + B(A, 8 AZ), where 
A 1 c3 A2 is a G-DG-algebra under the diagonal action of G. Now define the DG-algebra 
C( A 1. AI; 8) in the following way. As a graded algebra C(A 1. A?: e) is equal to 
and the differential d is equal to the restriction of the differential di of A; on BA; and, for each 
homogeneous element a E Pe, 
da = h(dc) = h(b,) + h(b2). 
where c is the transgression cochain of a chosen by Theorem 1.1.1. Since h(bi) E B(A, ). 
da E B(Al) @J B(Az). It is clear that C(A1. AZ, 0) is canonically included in B(A, 8 AZ). 
Let I’; (i = 1, 2) be two smooth principal G-bundles with bases Bi, Oi is a connection 
form on Pi, and Ai = Q(Pi) the corresponding G-DG-algebras. Denote by C(Pt, P2; e) the 
DG-algebra C(a(Pl), Q(P2); a). 
The composition of the natural inclusions 
C(PI. P2: 8) + B(Q(Pl) @I fZ(P2)) --, 02(M). 
where M = PI BG P2, is the inclusion of C(P,. P2; e) into n(M). 
Let now H be an automorphism group of Pz and w2 an H-invariant connection form on Pz. 
Consider the action of H on M = PI XG P2 induced by its action on P2 and DG-algebra 
C(Pi, Pz; &H = I @ A(P,) @ Q(B# 
of H-invariant elements of C( PI, Pz; 0). It is easily seen that the image of the composition of 
morphisms 
C(g) L B(D(PI) @ Q(P2)) c Q(M) 
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consists of H-invariant forms on M. Thus, the composition of inclusions 
C(PI, p2; gIH c C(PI, p2; 0) + an(M) 
factors through the inclusion of C(P,, Pz; g)u into D(M)“. 
Theorem 1.1.2. ([15]) Let G be a reductive Lie group with a Lie algebra 0, Pi (i = 1, 2) 
two smooth connected principal G-bundles, H a transitive group of automorphisms of Pz, wi 
a connection form on Pi, and M = PI x o P2. If 04 is a H-invariant connection form on P2, 
the inclusion of C( PI, P2; 8) H into Q(M)” is a quasi-isomorphism. 
1.2. The definitions of a cohomology of Lie algebras and a diagonal cohomology of the Lie 
algebra of vector fields 
Let g be a topological real Lie algebra and p its linear representation in a topological real 
vector space V. A standard continuous p-cochain c of 0 with values in V is a continuous skew- 
symmetric p-form on 0 with values in V. Denote by Cp = CP(0; V) the space of continuous 
p-cochains of 0 with values in V. Define a differential dP : CP + C’P+’ in the following way: 
(1.2.1) 
+ ~(-l)‘+jc([(i3 $j]t 61.. . . .<i.. . . - (j,. . . 1 (p), 
icj 
where c E CP and 60, . . . , cp E g. It is easily seen that C&J; V) = {CP, dp} is a cochain 
complex and its cohomology is called the cohomology of 0 with coejicients in g-module V. 
This cohomology is denoted by H(0; V) = Gp HP@; V). Whenever V is an algebra and p is 
a representation of 0 by derivations of this algebra, C&J; V) is a DG-algebra. Moreover, if 0 
is the Lie algebra of a Lie group G and p is induced by a continuous linear representation of G 
in V, C&J; V) is a G-DG-algebra. 
Example. Cohomology of the Lie algebra of formal vector fields W,. 
Denote by I+‘, the topological Lie algebra of formal vector fields on IIF’, i.e., the Lie algebra 
of oo-jets at 0 E IF?? of vector fields on JR” with the bracket induced by the Lie bracket of vector 
fields and with the projective limit topology of the spaces of finite order jets of vector fields. 
Each formal vector field 6 E W, can be expressed in the following way: 
,=&$ 
i=l I 
where fi is a formal power series in variables xi, . . . , x, with real coefficients. Let L, (p = 
0, 1,. . . ) be a subspace of W, formed by jets of vector fields having at 0 E IR zero of multiplicity 
3 p+ 1. Clearly, L, is a subalgebra of W,, L,+I is an ideal of L,, and, in particular, Lo/L 1 = g I,, 
where 0 I, = 0 I(n) R) . Denote by 6 the composition of maps 
w* -+ Lo -+ LOILl = BI,, 
where W, + LO is the projection under the natural representation W,, = i&Y @ LO. 
Consider the DC-algebra C(W,,; JR) of continuous cochains of W,, with coefficients in the 
trivial W,,-module JR. The natural action of the group CL,, = GL(n. IR) on R” induces the 
action of G L,, on C( W,; IX) and C( W,,: !R.) is a Go-DC-algebra under this action, where Go is 
the component of the neutral element of CL,,. It is easily seen that 8 as a l-form on W,, with 
values in BL,, is a connection on the Go-DC-algebra C( W,,; R). 
Let W(gL,,) + C( W,,; IR) be a morphism of CL,,-DC-algebras induced by the connection 
H and let J be the ideal of the algebra C( W,, ;R) generated by (R” )’ = ( W,,/ LO )' c W,: 
It is easily checked that dQ E J 8 01,. Hence, the above morphism is equal to zero on 
ek2,! S’(gl:,) and, then, it uniquely determines the followin, 0 morphism of GL,,-DC-algebras: 
1 : W(gl,,) + C( W,,: IR). where %‘(gL,,) is the quotient algebra of W(gi,,) by the ideal generated 
by @i>,, S’(@:,). 
Theorem 1.2.1. (16.91) The homomorphism 1 : @@I,) 4 C( W,,: R) is m inclusion ~tnd 0 
qrtasi-isomorphism. 
Let M be an rz-dimensional manifold and let E(M)) be the Lie algebra of vector fields on 
M. We consider E(M)) as a topological Lie algebra with respect to C”-topology. If A is a 
topological vector space with a continuous linear representation of X(M) one can consider the 
DC-algebra C(X(M): Jl) and its cohomology H(X(M): JL). 
Consider the case when Jl is equal to the trivial X(M)-module IR. A p-cochain (’ E 
(“‘(E(M); R) is called diugonal if, for XI, . % X,, E X(M), c(X,, . . . X,,) = 0 when- 
e\ er n;i, supp X, = 1/1. It is easily seen that the set of diagonal cochains is a subcom- 
plex of C(X(M); JR). This subcomplex is called the diagonal cochuin complex of the Lie 
algebra E(M) with coefficients in IR and is denoted by Cn(X(M); R). The cohomology of 
C3(X(M); IR) is called the diagonal cohomology of X(M) with coefficients in R and is de- 
noted by HA(X(M): RR). 
Let now A be a tensor G L,,-module, A(M) the fiber bundle over M with a fiber A associated 
nfith the tangent bundle of M, and Jl the space of smooth sections of A(M). i.e.. the space 01‘ 
the corresponding tensor fields. It is obvious that the Lie derivative determines on J1 a structure 
of a X( M)-module. For example, if A is equal to the space A”(@??‘)‘) of skew-symmetric [I- 
forms on ‘R” with the natural action of GL(n. W). A is equal to the space Q”(M) of exterior 
differential p-forms on M. In particular, for p = 0. A = Iw and A coincides with the spacr 
R(M) of smooth functions on M. Note that, for A = Ii3 or A = A(@?')') = @=,, A"((R")'). 
C'(X( M): J1) is a DC-algebra. 
A /7-cochain c E C"(X(M): /I) is called diagonal if, for XI, . . X,, E X(M) and .\- E M. 
the value of c(X1.. , X,,) at x depends only on germs of XI,. . . X,, at .Y. By [ 161 this 
condition is equivalent o the following one: for XI, . . . , X,, E X(M) and x E M. the value oP‘ 
(‘(Xl. . . . X,,) at x depends only on P-jets of X1. . , X,, at x. 
It is easily seen that the set of diagonal cochains is a subcomplex of C(X( M); Jl A). This 
subcomplex is called the diagonal cochain complex of X(M) with coefficients in Jl and is 
denotedby Ca(X(M):A) = {Ci(X(M):A). d). Thecohomologyof Ca(X(M);Jl) iscalled 
the diagonal cohomology of X(M) with coefficients in J1 and is denoted by Ha (X( M ): .A). 
Note that Ca(X(M); S(M)) is a subalgebra of the DC-algebra C(.E(M): S(M)) and 
<‘,(X(M): Q(M)) is a subalgebra of the DC-algebra C(X(M): B(M)). Moreover. for an 
78 Mark \I: Losik 
arbitrary A, C,(X(M); JL) is a CA(X(M); S(M))-module and, hence, HA(ZE(M); Q(M)) is 
an HA(X(M); a(M))-module. 
Consider the graded complex 
cA(X(M);a(M))=~CA(X(M>;s29(M)) 
98 
and denote its differential by 6. Since the exterior derivative d of the complex Q(M) is 
an endomo~hism of the ~~~)-module R(M), it induces an endomo~hism of the com- 
plex CA(X(M); A?(M)). Denoting this endomorphism by d one can note that it is a dif- 
ferential, i.e., d2 = 0. Introduce on CA(X(M); Q(M)) a bicomplex structure putting for 
c E Ci(X(M); A?Y(M)) 
d’c = 6c, d”c = (- l)Pdc. 
In the sequel we consider CI(X(M); Qq(M)) as a cochain complex under the total differen- 
tial d’ + d”. Clearly CA(X(M); Q(M)) is a DG-algebra under the total graduation and the 
differential d’ + d”. 
The following theorem was proved independently in [IO] and [ 121. 
Theorem 1.2.2. For a connected compact oriented manifold M and p > 0 there is an isomor- 
pism 
H,P(X(M); IQ = H~+yX(M); f-2(M)). 
This theorem reduces the calculation of the diagonal cohomology ~~(~~~); IR) to one of 
the DG-algebra C,(X(M); Q(M)) and this calculation is one of the most difficult problems 
of diagonal cohomology. 
1.3. The space S(M) offrame~ ~~in~~ite order 
Let M be an n-dimensional manifold again. By Sk(M) denote the space of k-jets at 0 E Ii?? 
of diffeomorphisms from neighborhoods of 0 E R” to M. It is clear that Sk(M) is a finite- 
dimensional manifold and one has a projective system of manifolds 
M = HO t S’(M) +. *. t Sk(M) +- Sk+‘(M) c . . . , 
where Sk+’ (M) -+ Sk(M) is the natural projection. It is evident that S’ (M) is the frame bundle 
of M and let S(M) be a projective limit of this system. It is known [ 1,8] that S(M) is a manifold 
with model space IR” called the space of frames of infinite order for M. 
Consider the projection p : S(M) --+ M and the in~nite-dimensional Lie group DO of a-jets 
of local diffeomo~hisms of R” at 0 E R” preserving 0. Let j,” mean an m-jet at a point x. 
Since each point s E S(M) can be represented as joook, where k is a diffeomorphism from a 
neighborhood of 0 E IP into M, the group DO acts naturally on S(M). It is easily seen that LO 
is the Lie algebra of DO and S(M) is a principal Do-bundle over M. 
Define the canonical Gelfand-Kazhdan 1 -form w with values in W, on S(M) (see [ 1, 81) in 
the following way. Let t be a tangent vector at s E S(M) and s(t) a path on S(M) such that 
5 = ~.s/~~(~~. One can represent s(t) by a smooth family k, : U --+ S(M) ofdiffeomo~hisn~s 
from an open subset U of II??’ into M, i.e., s(t) = jOXk,. Then 
The conditions (I) and (2) mean that one has the homomorphism D from W,, to the Lie 
algebra of vector fields on S(M) defined in the following way: for each (Y E W,, o(cr(w l(s)) = a! 
(s E S(M)). Th is action of W,, 011 S(M) is free and transitive. 
Suppose that T E T, is as above. Then s(t) = k, o k,’ is a smooth family of local diffeo- 
morphisms of M defined in a neighborhood W of x = k(O) and dg,/dt (0) Is a vector field on 
W. It is clear that k, = gr o ko and t depends on j_,“(dg/dt(O)) only. It is evident that the 
correspondence i,Y (dg/dt (0)) --$ 5 is a bijection between the space of m-jets of vector fields 
on M at x =I p(s) and T,. 
2. The cakulation of diagonal cohomolagies 
In this section we prove main theorems on the cohomology Hh(X(M): JL), where Jl is a 
tensor X(M)-module, and the cohomology HilfX(Mf: R). 
2. I. Diagonal cohomor’ogies ofX(h4) with roeficients in msorjields 
Let A be a tensor CL,,-module and let A be the space of the corresponding tensor fields. 
Consider the space a(S(M). Af of forms on S(M) with values in A as a cochain complex 
under the exterior derivative and its subspace Q(S(M), AjDo formed by forms that are invariant 
under the natural action of DO on S;f(S(M), A). In other words, @ E Q(S(M). A)“” if, for 
every ,q E DO, Riq5 = -n(g)$, where n : 230 -+ GL,, is the natural projection and from the 
right n(g) acts on the values of the form 4. It is clear that Q(S(M), A)“” is a subcomplex of 
R(S(M). A). It is easily seen that, for trivial GL,8-module II& R(S(M), A)“” coincides with 
the space ~(~~{~}~~~ of forms on S(M). 
Theorem 2.1 .l. There is LX canonical isomarphism of complexes 
Q(S(M). A)“” = C,(X(M): /I). 
In ~~~-t~~~~~~ f2 (St ~) D” = C,fES(M): $(M)l. 
Proof. The above representation of tangent vectors of S(M) as co-jets of vector fields allows 
to consider hi E Q”(S(M>, A)Do as a continuous p-form on X(M) with values in Jt such 
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that for X1, . . . . X, E X(M) and x E M 8(X1,. . . , X,>(x) depends on j,“X,, . . . , j,“X, 
only. Conversely, each such p-form on X(M) defines uniquely a p-form on S(M). Let 
8 E RP(S(M), A)Do. Then d 8 as a (p + I)-form on X(M) with values in J1 coincides with the 
differential of 6’ as a cochain of the complex C*(X(M); Jl). This follows from the known for- 
mula for the exterior derivative of p-form on a manifold, the action of X(M) on Jl, and (1.2.1). 0 
Proposition 2.1.2. ([ 131) There is a spectral sequence E,. d Hh(X(M); Jl) with 
Ep34 _ 
2 - 03 
H’(M; R) %I (@(I,,; R) 8 A)g’n 8 Hq(gl,, R). 
i+j=p 
Proof. Let us take a Riemannian metric on A4 and the canonical section p of the fiber bundle 
S(M) + S’(M) defined as follows: for each frame a E s’(M) at a point x E M p(a) is 
an element of S(M) corresponding to the co-jet at x of the geodesic chart with respect to the 
Levi-Civita connection induced by a. Denote by II1 the subgroup of Do formed by m-jets at 0 
of local diffeomorphisms of IP whose 1 -jet at 0 is equal to zero. It is evident that L , is the Lie 
algebra of D,. 
Identifying p (S’ (M)) with S’ (M) one obtains the following representation of S(M): S(M) = 
S’ (M) x D1. Clearly each form of Q (S(M), A)Do is uniquely determined by its values in the 
points of the section p. Hence, there is the following isomorphism of vector spaces 
Q(S(M), A)Do = 52(S’(M))GLPt @I C(L,; A), 
where C( L , ; A) is identified with the space of forms on Dl with values in A invariant under 
the right action of D, . 
Define a decreasing filtration Fp of the complex Q (S(M), A) Do in the following way. A form 
8 E Qp+q(S(M), A)Do belongs to Fp if O(a(tl), . . . , fl(CP+q)) = 0 for (1, . . . , tq+l E g[,, 
where it is assumed that gl, is included naturally into LO c W, . Consider the spectral sequence 
E, induced by this filtration. 
At first let us suppose that M is an open subset of R”. Then S’ (44) = M x GL, and 
Ep,q _ 
0 - @ J%W @3 Cq(&; Cj(L,; A)), 
i+j=p 
where g I, is the Lie algebra of left invariant vector fields on G L, . The differential do is induced 
by the differential of the complex C(&; C(Ll; A)), where the complex C(L,; A)) is a 81,- 
module under the action of 0 I, induced by the adjoint representation of g I, on W, and the given 
action of gL, on A. 
The above &-module C( L 1; A) is a tensor one and, then, it is well known (see, for example, 
[IS]) that H(gl,; C(L,; A)) = H(gL,; IK) 8 C(L,; A)g’n. 
Therefore, one obtains the following formula for El in our case: 
Ep.9 = 
I 03 
Q’(M) ~3 Cj(L,; A)g’n @I fP’(gK,; IQ. (2.1.1) 
i+j=p 
But Hq (0 I, ; IR) is the space of q-forms on 0 I, invariant under the adjoint representation of 0 L,. 
Then one consider these forms as right invariant forms on fibers of the principal GL,-bundle 
S’ (M) and this representation is independent of the representation S’ (M) = M x G L,. Hence, 
by a partition of unity of M one can prove formula (2.1.1) for an arbitrary M. 
Diagonul cohomology of the Lie ulgehra of’vectorjielt1.s XI 
By definition the differential d, is induced by the exterior derivative on Q(M) and the 
differential of the complex C(L 1; A)@n. Then 
ET‘” zz @ H’(M: iw) @ H(C(L,; A)g’ff) @ ~Y’(gl,~; R). (2.12) 
l+j=p 
Note that C(L,; A)g’ta is a subcomplex of C(L 1; A) since the action of gl,, on C( L 1; A) is 
compatible with the differential of this complex. Since the gL,-module C(L, : A) is completely 
reducible, C(L I ; A)g’tt, the kernel, and the image of the differential of the complex C(L I : A) 
are direct summands of C (L 1; A). Then H( L 1; A) and H (C (L 1: A)g’lt) are direct summands 
ofC(L,: A) and 
H(C(L,: Ajglr7) = H(L,; A)g’~l. 
Since A is a trivial L 1 -module, H (L 1; A) g’s = (H (L I : R) @ A)@, . Substituting this expression 
for H (( L I : A)g’sl) into (2.1.2) and applying Theorem 2.1.1, one obtains the statement of the 
theorem. 
As it was noted above, Q(M) @I C (L I ; A)g’n is a subcomplex of the complex R (S(M). A ) ‘A~. 
Hence, elements of H’ (M; rW) @ (H-’ (L 1; IL?) @ A)g’n of the term Ez are represented by cocycles 
of the complex D(S(M), A)DO. 0 
Proposition 2.1.3. ([l 11) There is a spectral sequence E,. ===+ Zfa(X(M): S(M)) with 
E;‘” = H”(M: R) @ Hq(gl,,; IR). 
Proof. The gl,,-module C(L 1; R) is a direct sum of tensor modules of the types (r, s) with 
r < s that have no nontrivial gL,-invariant subspaces (see [ 191) and C”( L 1; IR) = R. Therefore. 
N’f(L,: lR)g’n = Oforq > Oand H”(L1: &I) gln = R. Since A = R in our case, the statement of 
the proposition follows from Proposition 2.1.2. Cl 
Proposition 2.1.4. ([l 11) All homogeneous elements of Et.* = H(g1,; IK) of the spectral 
sequence E,. of Proposition 2.1.3 are transgressive. 
Proof. Consider a Riemannian metric on M and the corresponding Levi-Civita connection on 
the frame bundle S’ (M). This connection determines the homomorphism h of the Weil algebra 
W(gL,) into the de Rham complex Q(s’(M)) of S’(M). Since the projection S(M) ---f S’(M) 
is compatible with the actions of the groups Dc and CL,, on S(M) and s’(M) it defines the 
inclusion 52(S’(M))oLtl c fi(S(M))DU. Hence, the restriction of h to I W(gI,,) induces the 
homomorphism h’ : I W(g1,) + D(S(M))DO. Since the Lie algebra gL, is reductive, all 
homogeneous elements of H(gL,; Iw) c I W(gl,,) are transgressive, and the images of their 
transgression cochains under h’ are the transgression cochains for the corresponding elements 
of Et.* = H(gL,; IF?.). 
Recall that H(gl,,; Iw) is the exterior algebra with the generators 
Cl. . . . . c,, (i = 1,. . . . n; degc; = 2i - 1). 
It is known that the differentials of the transgression cochains for c; are obtained with the help 
of the homomorphism h for the above Levi-Civita connection. Thus, they vanish for odd i and 
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i > n/2. In the other cases they are equal to the known Pontrjagin forms up to constant non-zero 
real factors. 0 
Theorem 2.15 ([l I]) DG-algebra Ca(X(M); S(M)) q 1s uasi-isomorphic to its subalgebra 
generated by the generators cl, . . . , c,? of the algebra H(g&; JR) and L’(M). 
Proof. From Propositions 2.1.3 and 2.1.4 it follows that all elements of Ei are represented 
uniquely by the elements of the subalgebra pointed out in Proposition 2.1.4 and this repre- 
sentation gives a one-to-one correspondence between El and the above subalgebra. Then the 
statement of the theorem follows from properties of spectral sequences. 0 
Theorem 2.1.6. ([ 131) There is the following isomorphism: 
Ha(X(M); J1) = HA(X(M); S(M)) @ (H(LI; R) @ A)‘ln. 
Proof. Consider the formula for the term E2 obtained in Proposition 2.1.2. Let a @ b E E2, 
where a is a homogeneous element of H(&; IR) and b E H(M; R) @ H((L 1; A)@,). Let us 
substitute the transgression cochain of a in O(S(M))Do for a and the corresponding cocycle of 
Q(S(M), A)Do for b in a %I b. As it was noticed above Ca(X(M); Jl) is a Ca(X(M); S(M))- 
module. Hence, Theorem 2.1.1 implies that this substitution gives the element of CA (X(M); Jl) 
that represents a @I b. Then the equality d(a 8 b) = da @ b determines all differentials of our 
spectral sequence and, then, Theorems 2.1.1 and 2.1.5 imply the statement of the theorem. 0 
Note that the cohomology H*(X(M); Jl) for A = A(@?‘)‘) was calculated in [7]. 
Remark. Consider the principal U(n)-bundle U(M) associated with the complexification of the 
tangent bundle of M. The DG-algebra 52 (U(M)) is quasi-isomorphic to its subalgebra generated 
by 52(M) and the set of the transgression cochains in O(U(M)) of homogeneous elements of 
H(U(n); JR) for the principal U(n)-bundle U(M) [2]. Clearly this subalgebra is isomorphic to 
the subalgebra of the DG-algebra Ca(X(M); z(M)) of Theorem 2.1.5. This implies that the 
minimal models of the DG-algebras Ca(X(M); S(M)) and Q(U (M)) coincide; in particular, 
there is an isomorphism H*(X(M); g(M)) = H(U(M)); IF?) (see [ll]). 
2.2. The diagonal cohomology Ha(X(M); R) 
Further we suppose that M is a connected oriented n-dimensional manifold and denote by 
Diff M the group of diffeomorphisms of M preserving the orientation of M. Since M is oriented, 
S(M) is a disjoint sum of two components and each of these components is a principal Da- 
bundle, where &, is a component of the neutral element of Da. Let us chose one of these 
components and denote it by S(M). The natural action of Do on W,I induces on C( W, ; R) 
a structure of a Da-DG-algebra. Let Q(S(M)) @ C(W,; JR) be a Da-DG-algebra under the 
diagonal action of Da. There is the following canonical isomorphism of DG-algebras 
B(Q(SW)) @ C(W,; W) = WM(W) @ C(W,; IQ), 
where B(Q(s(M)) @9 C(W,; IR)) is the subalgebra of basic elements of the &DG-algebras 
fl(S(M)) 8 C(W,; IQ. 
Diqonul cohomology of the Lie dgehru c~f’vectorfie1d.c X1 
Theorem 2.2.1. For every connected compact oriented manifold M the DG-a1gehru.s 
Cli(X(M); Q(M)) and B(fJ(S(M)) @ C(W,; IK)) are isomorphic. 
Proof. One can consider any element c E Q”(s(M)) @ C“( W,*: R) as a skew-symmetric 
(p + q)-form on the Lie algebra X(S(M)) @ W,, with values in S(S(M)). Let X(M) be the 
image of X(M) under the natural inclusion X(M) + X(S(M)) and W,, be the subspace of 
X(S(M)) $ W, formed by elements ,$ = a(c) @t (6 E W,). Hence, for every X E g(M) and 
[ E W,,, [X, a(<>] = 0, W, is a subalgebra of X(S(M)) $ W,,. It is clear that (‘ is uniquely 
determined by its values on the subalgebra X(M) @ W, of X(S(M)) @ W,,. 
Consider the bigraduation of Q (S(M)) @I C( W,, ; IR) induced by the bigraduation 
A(%M) @ W,) = @V’(%(M)) @ AY(W,). 
By definition an element of bidegree (p, q) is a cochain c E L?(S(M)) @ C( W,,; IR), that 
is uniquely determined by its values on all systems of vectors XI, . . . , X,, E z(M) and 
t’,...., & E w,. 
By the definition of the differential D of the complex Q (S(M)) @I C (W, ; Et) the differential 
DC of the element c of bidegree (p, q) is determined by the following equations: 
DC&, . . . . %,,, 6,. . . . , &) 
P 
= c (-l)‘XiC(XO, . . . . if;, . . . ,X,. i]. . . , &) 
i=o 
+ -y(- l)‘+j ‘([Xi, Xj]> XIJ, .. .3 ?i, . . . . 2 ,““‘X,,f I..... &,. 
r<j 
Dc(%,, . . . , &,, to. . . . , &) 
= (-I)“( k(-l)‘O((i)C(X,, . . . . Xp, &. . . . , c, . , &) 
id 
+ c(4)‘+‘&. . . , Xp9[~i*(j]7&ib. . . ..~~.....~....,~~)). 
icj 
(2.2.1) 
(2.2.2) 
Now consider the DC-algebra B(L?(S(M)) @I C(W,; IR)) of basic cochains of the DC,- 
DG-algebra R(S(M)) @ C(W,; R). By definition its element of bidegree (p. 4) is a Do- 
invariant cochain c(Xi, . . . , x,,, <, , . . . . &), which vanishes, if one of the vectors 6,. . . , ty 
belongs to LO. This condition means that one can consider 2 as a cochain of the bicomplex 
(-‘:(X(M); lY(M)). Then from Theorem 2.1.1 it follows that B(L?(S(M)) 63 C(W,,; IR)) and 
CA(X(M>: L?(M)) are isomorphic as bigraded algebras. Finally, equations (2.2.1) and (2.12) 
imply that this isomorphism is an isomorphism of DG-algebras. 0 
Remark. It is known [l] that the DG-algebra C(W,; R) is naturally isomorphic to the al- 
gebra f2(S(M))DiffM - of forms on S(M) invariant under Diff M, and this isomorphism is an 
isomorphism of Da-DC-algebras. Then Theorem 2.2.1 give an interpretation of the diago 
nal subcomplex CA(X(M); L?(M)) as an DG-algebra of forms on S(M) xc,, S(M) that are 
invariant under the action of Diff M induced by its action on the second factor. 
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Let Ga is the component of the neutral element of the group GL, and consider Go-bundle 
P(M) of frames of M such that their orientation is induced by the orientation of M. It is clear 
that R(P(M)) and C(W,, Ps) are Go-DG-algebras. 
Theorem 2.2.2. ([lo]) For a connected compact oriented manifold M the DG-algebras 
B(Q(S(M)) @I C(W,; El)) and B(R(P(M)) @ C(W,, R)) are isomorphic. 
Proof. It is known [ 1,8] that the homomorphism e -+ o(c) (6 E W,?) induces an isomorphism 
between C( W,, ; R) and the DG-algebra of Diff M-invariant forms on S(M). Therefore, one 
can consider R(S(M)) @ C(W,; IR) as a Go-DG-algebra of Diff M-invariant forms on S(M) x 
S(M), where the action of Diff M is induced by its action on the second factor. Then the DG- 
algebra B(R(S(M)) ~3 C(W,,; R)) is isomorphic to the DG-algebra Diff M-invariant forms on 
S(M) Xfi” S(M). 
Let us take a Riemannian metric on M and the canonical section ,Z of the fiber bundle S(M) + 
P(M) induced by the corresponding Levi-Civita connection as in the proof of Theorem 2.1.2, 
but now we use frames at points of M with chosen orientation only. Then one obtains the 
following representation: S(M) = P(M) x DI , where P(M) is interpreted as the image of the 
section $. Hence, 
S(M) xDO S(M) = (P(M) x 01) xbO S(M) = P(M) xGO S(M), 
where Ga = &/ D1 . It is evident that the above action of Diff M on 
hw X& S(M) 
is replaced under this representation of S(M) xbO S(M) with an action on 
P(M) XC” S(M) 
induced by the action of Diff M on S(M). Thus, the DG-algebra 
WWM)) @J C(W,; W) 
is isomorphic to the DG-algebra of Diff M-invariant forms on P(M) xc, S(M), which in turn is 
isomorphic to the DG-algebra B(R(P(M)) 63 C(W,, R)). 0 
Now use the DG-algebra %@I,) introduced in 1.2. 
Theorem 2.2.3. ([12]) For a connected compact oriented manifold M the DC-algebras 
CA(X(M);Q(W)~~~ 
C(fJ(P(W)t %&,); B[,)~ " = fi(M) @ W',,J @ ~(~ir(g[,)) 
are quasi-isomorphic. 
Proof. As we have seen in the proof of Theorem 2.2.2 the DG-algebra 
NQ(s(M)) @ C(W,; IQ) 
is isomorphic to the algebra of Diff M-invariant forms of P(M) x cO S(M), where the action 
of DiffM is induced by the action of this group on S(M). By Theorems 2.2.1 and 2.2.2 the 
DG-algebra H*(X(M): R(M)) is quasi-isomorphic to the DC-algebra of Diff M-invariant 
forms of P(M) xc, S(M). 
Note that the form 8 of the DG-algebra @(gL,) can be interpreted as a form on S(M) with 
values in the Lie algebra gl, and, moreover, as a connection form on the principal Go-bundle 
S(M) -+ S(M)/Go. It is clear that this connection form is Diff M-invariant. Finally, the state- 
ment of the theorem follows from Theorems 1.1.2 and 1.2.1. 0 
Remarks. 1. By Theorem 1.2.2, Theorem 2.2.3 gives a convenient complex for the calculation 
of the diagonal cohomology HA (X( M); Iw). 
3. The following geometric interpretation of H*(X(M); W) can be obtained from Theo- 
rem 22.3. Denote by X,, the preimage of the Schubert 2n-dimensional skeleton ski,! (30. II ) of 
the complex Grassmanian of the space @” m the total space of the classical universal princi- 
pal U(n)-bundle EU(n) over skzrl(cc. n). It is clear that X,, is a principal U(n)-bundle over 
Sk7,i(00, 12). 
Let DRS(EU(n)) and DRS(X,*) be the de Rham-Sullivan DG-algebras [ 171 for the field 
IIR of EU(n) and X,,, respectively, and DRS(EU(n)) -+ DRS(X,) the homomorphism of 
DC-algebras induced by the inclusion X,, c Eli(n). Let us interpret elements of W(u(n )). 
where u(n) is the Lie algebra of U(n), as forms on EU (n) by means of a connection form on the 
principal I/ (n)-bundle EU (n). Then the images of the transgression cochains in the Weil algebra 
W(u(rz)) under the composition of the natural homomorphism R(EU(n)) + DRS(EU(n)) 
and the above homomorphism DRS(EU(n)) --f DRS(X,,) are the corresponding transgression 
cochains in DRS(X,,) for the principal U(n)-bundle X,,. It is easily seen that the inclusion of 
the subalgebra of DRS( X,,) generated by these transgression cochains and their differentials 
into DRS(X,,) is a quasi-isomorphism. It is clear also that this subalgebra is isomorphic to the 
corresponding subalgebra of %@I,) which is quasi-isomorphic to @(gl,,). 
From the above considerations and the remark at the end of Section 2.1 it follows that 
the DC-algebra C(Q( P(M)), %(gL,); gL,l)‘0 and the de Rham-Sullivan DG-algebra of the 
space U(M) XI,,(,) X,, are quasi-isomorphic. Finally, Theorem 2.2.3 implies the isomorphism 
Hc(X(M): Iw) = H”+“(U(M) x~(,~) X,, for p > 0. 
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